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Abstract 

The design of computationally efficient and incentive compatible mechanisms that solve or approx- 
imate fundamental resource allocation problems is the main goal of algorithmic mechanism design. A 
central example in both theory and practice is welfare-maximization in combinatorial auctions. Recently, 
a randomized mechanism has been discovered for combinatorial auctions that is truthful in expectation 
and guarantees a (1 — l/e)-approximation to the optimal social welfare when players have coverage val- 
uations [11]. This approximation ratio is the best possible even for non-truthful algorithms, assuming 
P^NP 

Given the recent sequence of negative results for combinatorial auctions under more restrictive notions 
of incentive compatibility I71[31|5], this development raises a natural question: Are truthful- in-expectation 
mechanisms compatible with polynomial-time approximation in a way that deterministic or universally 
truthful mechanisms are not? In particular, can polynomial-time truthful-in-expectation mechanisms 
guarantee a near-optimal approximation ratio for more general variants of combinatorial auctions? 

We prove that this is not the case. Specifically, the result of [TT] cannot be extended to combinatorial 
auctions with submodular valuations in the value oracle model. (Absent strategic considerations, a 
(1 — l/e)-approximation is still achievable in this setting More precisely, we prove that there is a 

constant 7 > such that there is no randomized mechanism that is truthful-in-expectation — or even 
approximately truthful-in-expectation — and guarantees an m~^-approximation to the optimal social 
welfare for combinatorial auctions with submodular valuations in the value oracle model. 

We also prove an analogous result for the flexible combinatorial public projects (CPP) problem, where 
a truthful-in-expectation (1 — l/e)-approximation for coverage valuations has been recently developed 
[13) . We show that there is no truthful-in-expectation — or even approximately truthful-in-expectation 
— mechanism that achieves an m~^-approximation to the optimal social welfare for combinatorial public 
projects with submodular valuations in the value oracle model. Both our results present an unexpected 
separation between coverage functions and submodular functions, which does not occur for these problems 
without strategic considerations. 
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1 Introduction 



The design of incentive-compatible mechanisms for welfare maximization in combinatorial auctions is a 
central problem of algorithmic mechanism design. In a combinatorial auction, there are n players and a set 
M of m items. Player i has a (private) valuation function Vi : 2^^ — > R+ which is assumed to be monotone 
{vi{S) < ViiT) whenever S C T) and normalized (fi(0) — 0). The goal is to design a computationally efficient 
mechanism that yields an allocation of items (5*1, . . . , Sn) to the players along with payments {pi, . . . ,pn) 
so that (a) the social welfare ^i('S'i) is approximately maximized, and (b) the mechanism is incentive- 

compatible, or truthful, meaning that each player maximizes his utility Vi{Si) — pi by reporting his true 
valuation Vi. 

This problem has been studied extensively in both strategic and non-strategic settings. Various strate- 
gic solution concepts have been considered, including deterministic truthfulness, universal truthfulness, and 
truthfulness in expectation. Moreover, both strategic and non-strategic formulations of the problem have 
been studied for various restricted classes of valuations, as well as under various assumptions on how valua- 
tions are accessed or represented. Absent assumptions on the class of valuations, the welfare maximization 
problem is very hard to approximate even by non-truthful algorithms (NP-hardness of TO'^~^''^-approximation 
follows from the set packing problem). Better approximation ratios are possible for valuation classes that 
restrict complementarity between items. The most prominent such class of valuations is submodular func- 
tions: functions Vi where the marginal value Vi{S U {j}) — Vi{S) for a each fixed item j is non-increasing 
in S. It is known that the welfare maximization problem with submodular valuation functions admits a 
(non-truthful) (1 — l/e)-approximation algorithm and this is optimal assuming P ^ NP [TB]. The 
hardness result of [TB] holds even in the special case of coverage valuations; the algorithmic result of |23] 
holds in the value oracle model, where each Vi can be queried only through an oracle returning Vi{S) for a 
given query S. In the value oracle model, it is known that any (1 — l/e + e)-approximation for combinatorial 
auctions with submodular valuations would require an exponential number of queries [20] . This is also the 
model we consider in this paper. 

The classical VCG mechanism is incentive compatible and maximizes welfare in combinatorial auctions. 
Unfortunately, however, VCG can not be implemented in polynomial time even for very special classes of 
valuation functions, including submodular functions. Combining computational efficiency and truthfulness 
for combinatorial auctions appears difficult. A series of works have provided evidence that computational 
efficiency and truthfulness are in conflict: (deterministic) VCG-type mechanisms have been ruled out for 
submodular combinatorial auctions in the communication complexity model |7j , and even for explicitly given 
budget-additive valuations [2] . Recently, Dobzinski proved that there is no deterministic truthful or even 
randomized universally truthful mechanism for submodular combinatorial auctions in the value oracle model, 
achieving an approximation ratio better than m*^"^/^. 

Therefore, it came as a surprise when a (1 — l/e)-approximate randomized mechanism was discovered 
by Dughmi, Roughgarden and Yan ■ ITj for a large subclass of submodular valuations. Their mechanism is 
truthful in expectation — a weaker notion than truthfulness in the universal sense — and applies to explicitly 
represented coverage functions. More generally, their mechanism applies to "black-box" valuations that are 
expressible as weighted sums of matroid rank functions, provided they support "lottery-value queries" (what 
is the expected value E[t)i(x)] for a given product distribution x). The mechanism can be also implemented in 
the value oracle model, at the cost of relaxing the solution concept to approximate truthfulness in expectation 

m- 

This development raises a natural question: Could truthfulness-in-expectation be the cure for combina- 
torial auctions, perhaps providing an optimal (1 — l/e)-approximation for all submodular valuations? Given 
that a (1 — l/e)-approximation for welfare maximization in combinatorial auctions (without truthfulness) 
was also discovered first for coverage functions jSj, then for weighted sums of matroid rank functions [4] 
and later extended to monotone submodular functions |24j . it seems reasonable to conjecture that the same 
might happen for truthful-in-expectation mechanisms. 
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Our results. We prove that this is not the case, and there is a significant separation between the class 
of coverage functions and general monotone submodular functions. More precisely, there is no truthful-in- 
expectation mechanism (even (1 — e)-approximately truthful-in-expectation) for submodular combinatorial 
auctions in the value oracle model, guaranteeing an approximation better than l/irC for some fixed e, 7 > 
(Theorem 15. II) . In particular, the results of cannot be extended to all monotone submodular functions. 

We also prove a similar result for the flexible submodular combinatorial public projects problem (see 
Section|4]for a history of this problem): there is no (1 — e)-approximately truthful-in-expectation mechanism 
providing approximation better than l/rrf for some 7 > 0. This is true even in the case of a single player. 
The combinatorial public projects problem admits a simpler structure than combinatorial auctions, and 
hence we use it as a warm-up to demonstrate our approach. 
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Figure 1: Currently known results for combinatorial auctions: approximation | inapproximability. If only one result is 
given, it is known to be optimal. For randomized maximal-in-range (universally truthful) mechanisms, it is known that 
it is hard to achieve a better than 1/n- approximation for coverage valuations; however, other universally truthful 
mechanisms might exist. No non-trivial hardness was previously known for truthful-in-expectation combinatorial 
auctions, even when restricted to maximal-in-distributional-range mechanisms. 



Our techniques. Our hardness results are obtained by combining two recently developed techniques: the 
symmetry gap technique for submodular functions [25], and the direct hardness approach for combinatorial 
auctions [3]. 

First, we consider the possibility of maximal-in-distributional range (MIDR) mechanisms. We endeavor 
to explain why the approach of |11| breaks down when applied to monotone submodular functions. The 
answer lies in a certain convexity phenomenon that can be exploited in a symmetry gap argument. The 
symmetry gap argument on its own rules out the approach of |llj . Furthermore, it is possible to generalize 
the argument to an arbitrary MIDR mechanism, and moreover amplify the gap to some constant power of 
TO. In fact our approach rules out even non-uniform approximately-MIDR mechanisms. 

In the case of combinatorial public projects (CPP), we prove that if non- uniformity is allowed, then 
approximately truthful-in-expectation mechanisms are no more powerful — in terms of approximating com- 
binatorial auctions using a polynomial number of value queries — than MIDR mechanisms. Therefore, by 
ruling out MIDR mechanisms, we also rule out truthful-in-expectation mechanisms. In the case of combi- 
natorial auctions, no such equivalence in power between truthful-in-expectation and MIDR mechanisms is 
known. Instead, we apply the direct hardness approach of Dobzinski [9 to identify a single player for whom 
the allocation problem in some sense mimics the CPP problem. Again, the symmetry gap argument can 
be used here, though payments complicate the picture. We address this difficulty by employing a scaling 
argument and invoking the separating hyperplane theorem — this allows us to essentially get rid of the 
payments and use the same gap amplification technique we used for the CPP problem to obtain a hardness 
of m~'''-approximation. 

Organization of the paper. After the necessary preliminaries (Section[5]), we present our intuition on the 
separation between coverage and submodular functions in Section [3] In Section 21 we present an overview 
of the proof of hardness for combinatorial public projects, and in Section [5] an overview of the proof for 
combinatorial auctions. The complete proofs are deferred to the appendices. 
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2 Preliminaries 



2.1 Mechanism Design Basics 

Mechanism Design Problems. We consider mechanism design problems where there are n players, and 
a set of feasible solutions. Each player i has a non-negative valuation function Vi : ^ M-|-. We are 
concerned with welfare maximization problems, where the objective is X]r=i 

Mechanisms. We consider direct-revelation mechanisms for mechanism design problems. Such a mech- 
anism comprises an allocation rule A, which is a function from (hopefully truthfully) reported valuation 
functions v = (vi, . . . , Vn) to an outcome A(v) e Q, and a payment rule p, which is a function from reported 
valuation functions to a required payment pi{v) from each player i. We allow the allocation and payment 
rules to be randomized. We restrict our attention to mechanisms that are individually rational in expectation 
— i.e. 'E[vi{A{v)) — Pi{v)] > — and the payments are non-negative in expectation — i.e. E[pi(ti)] > — 
for each player i and each input v — (vi, . . . ,Vn), when the expectations are over the random coins of the 
mechanism. 

Truthfulness. A mechanism with allocation and payment rules A and p is truthful-in- expectation if every 
player always maximizes its expected payoff by truthfully reporting its valuation function, meaning that 

E[i;i(^(«)) -p^{v)] > E[v^{Aiv'^,v^,))~pM,V-^)] (1) 

for every player i, (true) valuation function Vi, (reported) valuation function v^, and (reported) valuation 
functions v-i of the other players. The expectation in ([1]) is over the coin flips of the mechanism. If ([T]) holds 
for every flip of the coins, rather than merely in expectation, we call the mechanism universally truthful. 

VCG-Based Mechanisms. Mechanisms for welfare maximization problems are often variants of the 
classical VCG mechanism. Recall that the VCG mechanism is defined by the (generally intractable) allocation 
rule that selects the welfare-maximizing outcome with respect to the reported valuation functions, and the 
payment rule that charges each player i a bid-independent "pivot term" minus the reported welfare earned 
by other players in the selected outcome. This (deterministic) mechanism is truthful; see e.g. [22]. 

Let (iist(ri) denote the probability distributions over the set of feasible solutions fl, and let TZ C dist{il) 
be a compact subset of them. The corresponding Maximal in Distributional Range (MIDR) allocation rule is 
defined as follows: given reported valuation functions vi, . . . return an outcome that is sampled randomly 
from a distribution D* £ TZ that maximizes the expected welfare E^^£)[^j Wi(a;)] over all distributions 
D E TZ. Analogous to the VCG mechanism, there is a (randomized) payment rule that can be coupled with 
this allocation rule to yield a truthful- in-expectation mechanism (see [6]). We note that deterministic MIDR 
allocation rules — i.e. those where TZ is a, set of point distributions — are called maximal-in-range (MIR). 

Approximate Truthfulness. For e > 0, a mechanism with allocation and payment rules A and p is 
(1 — e)- approximately truthful-in- expectation if 

nv,{A{v)) - p,{v)] > {l~e)^vM{v'^,V-^))-p^{vl,V-,)] (2) 

for every player i, (true) valuation function Vi, (reported) valuation function t;,-, and (reported) valuation 
functions of the other players. The expectation in ([2|) is over the coin flips of the mechanism. Using 
the fact that payments are non-negative in expectation, a (1 — e)-approximately truthful-in-expectation 
mechanism also satisfies the following weaker condition. (This condition is sufhcient for our hardness results.) 

nv^{A{v)) - p,{v)] >-E[{l - e)vMK,V-,)) ~ pM,v^^)] (3) 

Approximately truthful mechanisms are related to approximately maximal-in-distributional-range allocation 
rules. An allocation rule A : V ^ Q is [1 — e)-approximately maximal-in-distributional range if it fixes a 
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TZ C dist{rt), and returns an outcome that is sampled from D* G TZ that (1 — e)-approximately maximizes 
the expected welfare E(^^£)[^- Wi(tj)] over all distributions D £ TZ. We show in Appendix [X\ a sense in 
which approximately maximal-in-distributional-range allocation rules are no less powerful - in terms of 
approximating the social welfare - than approximately truthful-in-expectation mechanisms. 

Our main reason for considering the notion of approximate truthfulness is that the mechanisms of fllj 113) , 
if implemented in the value oracle model, are only approximately truthful-in-expectation (for an arbitrarily 
small e > 0) 12 . The value oracle model seems too weak to make the mechanisms of [TTl [13] exactly 
truthful-in-expectation; however, [12] makes it quite conceivable that there might be an approximately 
truthful-in-expectation mechanism for combinatorial auctions and combinatorial public projects, both with 
submodular valuations. 

2.2 Combinatorial Auctions 

In Combinatorial Auctions there is a set M of m items, and a set of n players. Each player i has a valuation 
function Vi : 2^^ R+ that is normalized (i'i(0) = 0) and monotone {vi{A) < Vi{B) whenever ACS). A 
feasible solution is an allocation {Si, . . . , Sn), where Si denotes the items assigned to player i, and {Si}^ are 
mutually disjoint subsets of M. Player i's value for outcome {Si, . . . , Sn) is equal to Vi{Si). The goal is to 
choose an allocation maximizing social welfare: '^iVi{Si). 

2.3 Combinatorial Public Projects 

In Combinatorial Public Projects there is a set [m] = {1, . . . , m} of projects, a cardinality bound k such that 
< A: < m, and a set [n] = {1, . . . , n} of players. Each player i has a valuation function vi : 2[™1 — that 
is normalized (fj(0) — 0) and monotone {vi{A) < Vi{B) whenever A C B). In this paper, we focus on the 
flexible variant of combinatorial public projects: a feasible solution is a set S C [m] of projects with \S\ < k. 
Player z's value for outcome S is equal to Vi{S). Prior work [531 [31 IS] has also considered the exact variant, 
where a feasible solution is a set S C [m] with jS"! = fc. In both variants, the goal is to choose a feasible set 
S maximizing social welfare: '^iVi{S). 

3 Intuition - what fails for submodular valuations 

The main obstacle in proving our hardness result for submodular functions is the fact that the natural 
subclass of coverage functions does admit a truthful-in-expectation (1 — l/e)-approximation [llj . In the 
absence of strategic considerations, coverage functions capture the full difficulty of submodular functions in 
the context of welfare maximization, in the sense that they exhibit the same hardness threshold of 1 — 1/e. 
Hence, it is not immediately clear where the dramatic jump in hardness should come from. 

Let us recall the main idea of 11 : Let / : 2*^ M.^ be a submodular set function. Given x e [0, 1]^^, the 
expected value of f{S) when S includes each item j independently with probability Xj is measured by the 
multilinear extension F{x.), which has been previously used in work on submodular maximization [4l 1241 [171 
1251 ?]. F is an extension of /, in the sense that it agrees with / on integer points, and therefore maximizing 
F{'x.) over fractional allocations would yield an optimal algorithm. However, F{x.) is not a concave function 
and can be maximized only approximately. Instead, the authors of [llj consider a different rounding process 
— which they call the Poisson rounding scheme — that includes each j in S with probability 1 — e^^^ 
instead. The expected value of applying the Poisson rounding rounding scheme to a point x is measured 
by a modified function F'^^p{xi, . . . ,Xm) — F{1 — e~^^, . . . , 1 — e^^™), which fortuitously turns out to be 
concave for a subclass of submodular functions, including coverage functions and weighted sums of matroid 
rank functions. In this case, F'^^p{'x.) can be maximized exactly, and yields a maximal- in-distributional- 
range algorithm whose range is the image of the Poisson rounding scheme. Since the ratio between -F(x) 
and F'^^p{k) is bounded by 1 — 1/e, this leads to a truthful-in-expectation (1 — l/e)-approximation. 

The first question is whether F'^'^^ can be maximized for any monotone submodular function. It was 
observed by the authors of yjj that F'^^p is not concave for every submodular function: one example is the 
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budget-additive function f{S) = niinj^^gg w^, 2} where wi ^ W2 = ~ 1 and W4 = 2. Hence convex 
optimization techniques cannot be used for F'^^p(x) directly; still, perhaps F'^^p(x) could be maximized for 
a different reason. We prove that this is impossible, using a symmetry gap argument [13 HOI US]. 

The budget-additive function above does not lend itself well to the symmetry gap argument, because 
there is a clear asymmetry between the elements of weight 1 and the element of weight 2. Instead, we 
construct an example where F'^^p is not concave and all elements are in some sense "equivalent" . For this 
purpose, we use the following construction: If /i,/2 : 2^^ — )■ [0, 1] are monotone submodular functions, then 

f{S) = l-il-h{S)){l-h{S)) 

is also a monotone submodular function (see Lemma fE.lj) . In particular, let M = MiUAf2, |Afi| = IM2I = m, 
\M\ = 2m, and let fi{S) — minl^lS* n Afi|,l} for some a > 0. These are budget- additive and hence 
monotone submodular functions. Then we set 

f{S) = 1 - (1 - fi{S)){i - f2{S)) = i-(i- — l^n Mil) (1 - —\snM2\ 



am / ^ \ am 



Here, (y)+ = max{j/,0} denotes the positive part of a number. By Lemma IE. 11 f{S) is a monotone 
submodular function. Let's consider the function F'^'^p{xi, . . . ,X2m) = F{1 — e^^\ . . . , 1 — e~^^™). If 
TO 00, a random set obtained by sampling with probabilities 1 — e~^' will have cardinality very close to 
- e-^^. We obtain 



i^-^(x)^l - [1- — ^(1 
\ am ^ — ' 




The reader can verify that this function is concave for a — 1. But this is a very special coincidence. (The 
reason is that / for a — 1 can be represented as a coverage function.) Any smaller value of a, for instance 
a — 1/2, gives a non-concave function F'^^p, as can be seen by checking x = 1^/^, x = and x = ^1m- 
F'=^p(1mi) = F^'^PilM^) = 1 - (-1 + 2e-i)+ = 1 (note that -1 + 2e~^ < 0), while the value at the 
midpoint is F'^'^p (^Im) ~ 1 - (-1 + 26^^^'^)^ = 4e"^/2 _ 4g-i ^ o.955. Therefore, we have an example 
where F'^^p{x.) is not concave and moreover, all elements play the same symmetric role in /. (Formally, / 
has an element-transitive group of symmetries.) Functions of this type will play a crucial role in our proof. 



The symmetry gap argument. The symmetry gap argument from [25], building up on previous work 
[151 [5Dj , shows the following: Instances exhibiting some kind of symmetry can be blown up and modified 
in such a way that the only solutions that an algorithm can find (using a polynomial number of value 
queries) are symmetric with respect to the same notion of symmetry. Thus the gap between symmetric and 
asymmetric solutions implies an inapproximability threshold. We use this argument here as follows. The 
instance above (for a — 1/2) can be slightly modified as in |T5l [20l [25], in such a way that it is impossible 
to find any solution that is asymmetric with respect to Mi, M2. Consider the optimization problem 

max{F'=^P(x) : < to}. 

The best symmetric solution is F^^p{^1m) — 0.955, while the optimum is i^^^^'(ljv/i ) — 1- The only 
solutions found by a polynomial number of value queries are the symmetric ones, and hence we cannot solve 
the optimization problem within a factor better than 0.955. A similar argument shows that we cannot solve 
the welfare maximization problem (for 2 players) with respect to F'^^p(x) within a factor better than 0.955. 

In the following, we harness this construction towards showing that there can be no good maximum-in- 
distributional-range mechanism, and eventually, no good truthful-in-expectation mechanism. 
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4 Hardness for combinatorial public projects 



We start with the combinatorial pubhc project problem. The (exact) combinatorial public project prob- 
lem was introduced in |23) as a model problem for the study of truthful approximation mechanisms. This 
problem is better understood than combinatorial auctions, in the sense that a useful characterization of 
all deterministic truthful mechanisms is known: every truthful mechanism for 2 players is an ajfine max- 
imizer — a weighted generalization of maximal-in-range mechanisms |23| . Using this characterization, it 
was proved in |23] that the exact submodular CPP problem does not admit any (deterministic) truthful 
TO'^~^^^-approximation using a subexponential amount of communication, and moreover there is no m'^^^^'^- 
approximation even for a certain class of succintly represented submodular valuations unless NP C BPP. 
In contrast, the simple greedy algorithm is a non-truthful (1 — l/e)-approximation algorithm for this problem 
pi] . This was the first example of such a dramatic gap in approximability between truthful mechanisms and 
non- truthful algorithms. 

In follow-up work, a simpler characterization- type statement for CPP was shown in [3]: Every truthful 
mechanism for a single player with a coverage valuation can, via a non-uniform polynomial time reduction, 
be converted to a truthful maximal-in-range mechanism without degrading its approximation ratio. Since 
every truthful mechanism for n players must embed a truthful mechanism for a single player, this allowed 
the authors to restrict attention to maximal-in-range mechanisms for a single player in proving an m'~^/^- 
approximation threshold for CPP with coverage valuations, assuming that NP % P/poly. The following 
easy converse of their characterization is notable: A maximal-in-range mechanism for CPP with a single 
player can directly be used as a maximal-in-range mechanism for any number of players. 

Recently, it was proved by Dobzinski that the exact variant of the submodular CPP problem (under the 
constraint \S\ = k) does not admit a truthful-in-expectation m'^~^/^-approximation in the value oracle model. 
However, as noted in 9,, the flexible variant of CPP (under the constraint l^l < k) is arguably more natural in 
the strategic setting. For the flexible variant of CPP, ^ proves that there is no universally truthful m'^"^/^- 
approximation, but leaves open the possibility of a better truthful-in-expectation mechanism. Problems 
that have a packing structure like flexible CPP have historically proven to be easier to approximate using 
truthful-in-expectation mechanisms [121 [HI EHl HI] • Flexible CPP has exhibited a similar pattern; Dughmi 
|13) recently designed a truthful-in-expectation (1 — l/e)-approximation mechanism for CPP when players 
have explicit coverage valuations (which is optimal regardless of strategic issues [H]), and more generally 
when players have matroid rank sum valuations that support a certain randomized variant of value queries. 

Transformation to MIDR mechanisms. While deterministic truthful mechanisms for the CPP problem 
are no more powerful in terms of approximation than maximal-in-range mechanisms |231 [3] , the situation is 
slightly more complicated for randomized mechanisms. It is not clear whether truthful-in-expectation mech- 
anisms are equivalent to maximal-in-distributional-range mechanisms. Nonetheless, we prove the following. 

Theorem 4.1. For every e > and c{m) > the following holds. If there is a {1~ e)- approximately truthful- 
in-expectation mechanism A4 for the (exact or flexible) CPP problem that achieves a c{m)- approximation for 
submodular valuations on m elements, then for any 6 > there is a non-uniform (1 — 3e — S) -approximately 
maximal-in- distributional-range mechanism M' that achieves a c{m)- approximation for submodular valua- 
tions on m elements and uses at most m more value queries than M . 

By a non- uniform mechanism, we mean a separate fixed mechanism for each input size m; i.e., the size of 
the program can depend arbitrarily on m. The only bound on the non-uniform mechanism is the number of 
value queries used. The main idea is that the although the range of prices offered by a truthful-in-expectation 
mechanism can be unbounded, the mechanism can be made MIDR "in the limit" , when the input valuation 
is scaled by a sufficiently large constant. This constant can be fixed for each input size m and acts as an 
"advice string" to the mechanism. We present the proof in Appendix [Xj 

Hardness for MIDR mechanisms. Our hardness result for fiexible submodular CPP rules out mech- 
anisms purely based on the number of value queries used, and hence it rules out even the non-uniform 
mechanisms mentioned in Theorem 14. II 
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Theorem 4.2. There are absolute constants e,7 > such that there is no (1 — e)- approximately maximal- 
in-distributional-range mechanism for the flexible submodular CPP problem with 1 player in the value oracle 
model, niax{/(S') : \S\ < k}, achieving a better than 1/rrf -approximation in expectation in the objective 
function, where m is the size of the ground set. This holds even for non-uniform mechanisms of arbitrary 
computational complexity, as long as the number of value queries is bounded by poly{m) . 

In the following, we present a sketch of the proof of this theorem. The full proof appears in Appendix IB] 

Proof strategy. We assume that a mechanism optimizes over a range of distributions TZ. (We assume for 
simplicity that the mechanism is MIDR rather than approximately MIDR.) We emphasize that the range 
TZ is fixed beforehand, and the mechanism must optimize over TZ for any particular submodular function /. 
This gives us a lot of flexibility in arguing about the properties of TZ. 

Suppose that the size of the ground set is m = 2'-"-^^ and the cardinality bound is fc = We 
consider £ -\- 1 different "levels" of valuation functions. (See Figure [21) At level 0, we have a set A^^') of 
items, where the valuation function is nonzero and additive. Assuming that the mechanism achieves 
a c-approximation, there must be a distribution Dq € TZ which allocates at least a c-fraction of A^-^^ in 
expectation to player i. This must be true for every set A^^^ of size m/2^. It will be useful to think of this 
set as random (and hidden from the mechanism.) 



A(4) 


5(4) 

) 




^Ai->^ 




A('KlJ[ 







Figure 2: A bisection sequence {A^^\ B'^^'>), with the distributions Dj returned by the mechanism at level j. 
The density of Dj increases in a certain technical sense exponentially in j, although much slower than 2^ . 

At level j, 1 < j < i, we have a (random) set A^-'^ of m/2^~^ items, which is partitioned randomly 
into two sets 

AU-i) u B(J-i) of equal size; these are level-(j' — 1) sets. The valuation function at level 
j will be as in Section [3] but restricted to the set A^^^ — A'-'^^^ U S'-'^^^ (the two parts play the role 
of Afi,M2 from Section [S]). The mechanism can detect the set A^^^; however, the partition of A^^^ into 
remains hidden. By the symmetry gap argument, the mechanism cannot learn what the 
partition is, and hence any distribution Dj returned by the algorithm will be with high probability balanced 
with respect to {A'^^~^\ B'^^~^^). The MIDR property implies that this distribution must be "dense" enough 
in order to beat the distribution Dj-i guaranteed by the previous level, which is sensitive to the partition 
(A(J-i),B(J^i)). (By density we mean a certain notion of average size for sets sampled from Dj.) Since 
distributions concentrated inside A'^-'"^^ or S'-'"^^ are more profitable than distributions balanced between 
(^(j-i)^ 5(i-i))^ ideally obtain a constant-factor boost in density at each level. As £ grows, this will 

eventually contradict the fact that the mechanism cannot choose more than k items. 

Finding the right definition of density that yields a constant-factor boost at each level is the main technical 
difficulty. The most natural definition of density seems to be the expected size of the set returned by the 
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mechanism. However, this notion does not yield the desired boost. (This is related to the fact that we 
cannot get any contradiction for coverage functions.) The notion of density that turns out to be useful is 
more complicated; it is derived from functions that exhibit non-concave behavior of the extension F'^^'p . This 
strategy will be made more explicit in the following. 



The symmetry gap. At level j + 1, we consider valuation functions of the form 

W.,(s)^i-(i-*(^))(i-'''l^"«"'l 



\Aii)\ J J \ ^ V l^^^'^l 

where 4> ■ [0, 1] — > [0, 1] is a suitable non-decreasing concave function. Note that under this valuation function, 
the value of a (random) set R depends only on how many elements it takes from A^^^ and B^^\ In particular, 

it we denote Xj = ? — \bu)\ ' then we have 

WAUKBiniR)] - E[l - (1 - </>(X,))(l - 0(r,))]. 

Since the expected value depends only on Xj , Yj , we say that the random variables Xj , Yj represent the 
distribution of R. 

By the symmetry gap argument (if the valuation function is suitably perturbed and the partition 
{A'^^\ B^^'>) is random), then the mechanism with high probability returns a solution R^^~^^^ independent of 

the partition and hence symmetric with respect to it. Denoting Xj+i = ^j^u+i) | ^ we obtain that the 

mechanism returns expected value 

EifAUKBU^iR^'^'^)] = E[l - (1 - c^iX,+,)f] 

which is typically less than E[l - (1 - (l){Xj))il - (/)(Y,))] if Xj+i = ^{Xj + Yj) and Xj ^ Yj. (There are 
certain error terms arising from the symmetry gap argument but let us ignore them for now.) 

The main point here is that if the mechanism is MIDR, then the expected value of the returned random 
set E[/^(3) B(J) (i?*--'^^-')] must be at least that of any other random set whose distribution is in the range - in 
particular, the random set i?^-'-' whose presence in the range we prove at the previous level. If this random 
set R^J^ is represented by the random variables Xj,Yj, then the mechanism must return a distribution 
represented by Xj^i such that 

E[l - (1 - 0(X,+i))2] > E[l - (1 - HX,)){1 - 0(y,))]. 

We in fact ignore the contribution of Yj and use the weaker inequality 

E[l-il-HXj+i)f]>miXj)]. (4) 

Hence, the existence of certain distributions in the range forces the existence of other distributions, satisfying 
the bound (gl). 



Gap amplification. Now we would like to say that if two distributions represented by Xj and Xj^i satisfy 
(U]), then the distribution at level j -I- 1 is "more dense" than the one at level j. Considering the scaling 
at different levels, we want to prove that Xj^i is "significantly larger" than ■^Xj. This is intuitive, since 
Xj+i = ^Xj is not enough to satisfy (|4]), for example when is linear. Unfortunately, (|4]) does not imply 
any useful relationship between the expectations E[Xj], E[Xj+i], beyond E[Xj_|_i] > iE[Xj]. For example, 
we could have Xj = 1 with probability ^ — and otherwise. Then Xj^i = satisfies (jH) for any concave 
function (p : [0, 1] — [0, 1]. This does not provide a constant-factor improvement over iE[Xj]. 

We still want to prove that Xj^i is in some sense "significantly larger" than ■^Xj. Our main technical 
inequality formalizing this intuition is the following: Define (pa (t) = min { ^ , 1 } . Then for any distribution 
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in the range represented by Xj at level j and any aj G [0, 1], there is a distribution in the range represented 
by Xj+i at level j + 1, and aj+i £ [0, 1] such that 

a,+m<Po.,,AX,+iW+' > (^^) a,(E[0„,(X,)])i+^ (5) 

where (5 > is some (small) absolute constant. The use of 1 + (5 in the exponent is crucial here. We remark 
that formulating and proving this inequality was the most challenging part of the proof. (The precise 
statement with a proof appears as Lemma IB. 61 in the appendix.) 



The contradiction. Using this bound, we arrive at a contradiction as follows. As we already mentioned, 
assuming that an MIDR mechanism provides a c-approximation for the CPP problem, then for any feasible 
set there must be a distribution Do in its range such that 



|.4(o)| 



> c. 



Now we apply the symmetry gap argument and the gap amplification technique to random pairs of sets 
{A'-^\ B^J^) at each level j. Starting from E[Xo] > c and ao = 1, by repeated use of ([5]) we obtain that there 
is ai G [0,1] and a distribution at level £ represented by Xg such that 



l+d 



> 



1 



.1+5 



Note that a£(E[^a, (^£)])^+ < a£E[^„,(Xi?)] = E[min{X^,aJ] < E[Xf]. So in fact 



E[Xe] > 



1 + 6^ 



The meaning of Xg is simply the fraction of the ground set that the mechanism returns at level £. Since 
ra = 2*^'^^ we have 2^ ^ > m'^^+*^^ for some constant 7 > 0. If the approximation factor is c > to"''', then 
we get E[X^] > 2~^, which would violate the cardinality constraint of the CPP problem. 
As we mentioned, the full proof appears in Appendix |B] 



5 Hardness for combinatorial auctions 

The following is our main result for combinatorial auctions. 

Theorem 5.1. There are absolute constants 6,7 > such that there is no (1 — e)- approximately truthful- 
in- expectation mechanism for combinatorial auctions with monotone suhmodular valuation Junctions in the 
value oracle model, achieving a better than 1 / rC -approximation in expectation in terms of social welfare, 
where the number of players is n and the number of items is m = poly{n) . 

Discussion. This theorem extends previous negative results for combinatorial auctions with submodular 
valuation functions, which were known in the cases of deterministic truthful and randomized universally 
truthful mechanisms [9]. Also, it appears that as stated these results do not rule out approximately truthful 
mechanisms. 

We remark that there is still the possibility of a truthful-in-expectation mechanism in the "lottery- value" 
oracle model which was introduced in Here, a player is able to provide the exact expectation E[i;i(x)] 
for a product distribution given by x. Since the exact expectations E[i;i(x)] arc hard to compute even 
in very special cases like the budget-additive case, this is a severe limitation. Our hardness result does 
not apply directly to this stronger oracle model. However, what our result implies is that if a truthful-in- 
expectation mechanism exists in the lottery-value model, then it must be very sensitive to the accuracy of 
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the oracle's answers, and does not remain even approximately truthful-in-expectation if the oracle's answers 
involve some small noise. This is because if we had a mechanism in the lottery-value oracle model, which 
remains approximately t.i.e. under small noise in the oracle and provides a good approximation, then we 
could simulate this mechanism in the value oracle model (by sample-average approximation) . Thus we would 
obtain an approximately t.i.e. mechanism contradicting Theorem 15. II 

Proof strategy. Our hardness result for combinatorial public projects (Section S]) can be adapted to show 
that there is no (approximately) MIDR mechanism for submodular combinatorial auctions that guarantees 
a good approximation ratio. However, unlike in GPP, we are unable to prove that truthful-in-expectation 
mechanisms and MIDR algorithms are equivalent in power (even in the approximate sense). This is not 
surprising, since randomized truthful mechanisms that are not maximal-in-distributional-range have been 
designed for combinatorial auctions (see for example :5]). Therefore, additional ideas are needed to rule out 
all truthful- in-expcctation mechanisms. Such ideas have been recently put forth in a paper by Dobzinski [5]. 
The direct hardness approach of provides a way to avoid the characterization step and instead attack the 
truthful mechanism directly. This idea applies to truthful-in-expectation mechanisms as well. 

The main idea of the direct hardness approach can be stated as follows. If we identify a special player 
whose range of possible allocations is sufficiently "rich" when the valuations of other players are fixed to 
particular functions, then we can work with the special player directly using the taxation principle: There 
is a fixed price for each distribution over allocations in the "range" of the mechanism as the special player 
varies his valuation, and the mechanism outputs the distribution in this range that maximizes the player's 
utility (his expected value for the distribution on allocations less the price of that distribution). Thus, our 
symmetry gap techniques from Section 2] apply here quite naturally, though the presence of payments poses 
an additional technical challenge that was not present for CPP. Next, we present a sketch of our proof. The 
complete proof is presented in Appendix [Cj 

The basic instance. We start from the following "basic instance" . For an integer £, we construct instances 
with |iV| — n — 2^ players and \M\ — m = poly(n) items. Each player has a "polar valuation" v* (as in ^), 

where items in a certain set A-^' have value 1 for player i and other items have (small) value w > 0. The 
sets are chosen independently at random, under the constraint that \Af^\ — m/n. 

A counting argument shows that if a mechanism provides a c-approximation in social welfare, then there 
must be a player whose allocated set i? -"^ overlaps significantly with his desired set Af^ : 

E[|Ef ) n )|] > (c/4 - ^)E[|i?(°) U |]. 

(See Lemma FC. 31 ) By an averaging argument, this is also true for a certain fixed choice of the other players' 
valuations. In the following, we fix that choice and consider varying valuations for player i only, who we refer 
to as the "special player". We also drop the index z, since we do not consider the other players anymore. 

In the following, we set w = c/8, so that E[|i?(°) n A^°^] > cjE[|i?('^) U Hence we can estimate the 

expected value received by the special player as follows: 

E[v*(i?(°))] = E[|i?(°) n +a;E[|i?(°) \ A^^^l] < 2E[|i?('') n A^")]]. 

Denoting Xq = '^'"^(off , we have E[t;*(i?("))] < ^E[Xo]. Also, E[i;*(i?("))] > E[|i?(") n |] = f E[Xo]. 
So the special player's utility in the basic instance (in expectation over the random instances) is ^E[Aro], 
up to a factor of 2. 

Symmetry gap again. We consider valuations for the special player at £ levels, in the same form that 
we considered in the case of combinatorial public projects. The difference now is that the mechanism is 
not necessarily maximal-in-distributional-range. Instead, we use the definition of truthfulness in expectation 
directly. The same symmetry gap argument as in Section |4] gives the following: If there is a random set i?'^' 
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possibly allocated at level j at a price Pj, and Xj = — ^'^ then there is a random set R'^^^^'^ possibly 
allocated at level j + 1 at a price Pj+l^ and Xj+i = ' ' so that 

E[l - (1 - cp(X,+,)f] - E[P,+i] > E[(/)(X,)] - E[P,]. 

Again, we are ignoring certain error terms and we are also ignoring the issue of approximate truthfulness. 
Using the fact that the valuation functions can be scaled arbitrarily and the mechanism must still be truthful 
in expectation, we obtain that for any A', A" > 0, there is distribution possibly allocated at level j + 1 such 
that 

A'E[1 - (1 - c^{X,+,) f] - A"E[P,+i] > \'n^{X,)] - A"E[P,]. (6) 

Convex hulls and the separation argument. Our goal is to eliminate the prices from the picture, so 
that we can use arguments similar to Section ID For that purpose, it is convenient to pass to convex hulls 
as follows. We define the distribution menu Aij at level j to consist of all distributions of pairs of random 

variables {Xj, Pj), such that Xj = "'^'ilcjfi' ^'^^ some random set R^^^ allocated for a level- j valuation at a 
price Pj. Then we define the closure of a distribution menu, Mj, to be the topological closure of the convex 
hull of Aij (in the sense of taking convex combinations of distributions). By convexity, ([6]) still holds in 
the sense that for any {Xj,Pj) with a distribution in ^Aj and any A', A" > 0, there is (Xj+i, Pj+i) with a 
distribution in M.j+i such that (O holds. 

A convex separation argument, essentially Farkas' lemma in 2 dimensions, actually implies the following. 
For any {Xj,Pj) with a distribution in Aij, there is {Xj^i, Pj^i) with a distribution in A^^+i such that 
E[Pj+i] < E[Pj] and 

ni-{l-4>{X,+i)f]>n4>{Xj)]. 

In other words, there is a distribution in the closure of the menu at level j + 1 at a price no higher than the 
price we had at level j, and the respective random variables Xj,Xj^i satisfy the same relationship Q that 
we had in Section 21 The rest of the proof goes exactly as in Section SI using ([5|) and eventually producing 
a distribution represented by {Xi,Pi) in Aie, such that E[P^] < E[Po] and 

E[A,] > i^Af) inMY^'- 

Here, (Aro,Po) represents the distribution and price allocated in the basic instance. Now we consider the 
utility that the distribution represented by {X^, Pi) would provide in the basic instance: since every element 
has value at least lu there, the utility would be 

E[t;*(p(^)) - Pf] > EicomXe - P,] > c^m (E[Ao])i+'' - E[Po]. (7) 

Recall that the distribution of {Xe,Pe) is not on the menu Aig but rather in its convex hull. However, by 
using the properties of the convex hull, there must be a distribution on the actual menu Aie that satisfies 
the same linear inequality. So we can assume without loss of generality that the distribution of {Xi,Pi) is 
on the actual menu at level i, and P^^-' is the respective random set that would be allocated to the special 
player if he declared a level--^ valuation. 

Recall that in the basic instance, the value received by the special player is at most ^E[Aro], and 
the respective utility is at most 22lE[Aro] — E[Po]. We also have n = 2^ and E[Aro] > c/4 — w = c/8. 
If c = 8aj > n~'^ for a suitable constant 7 > 0, we would obtain from ([T]) that the special player could 
substantially improve his utility in the basic instance by declaring a level-£ valuation instead. We conclude 
that this would contradict the property of truthfulness in expectation. 

The complete proof appears in Appendix [C] 
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A Transforming an approximately truthful- in- expect at ion mech- 
anism into approximately maximal-in-distribution range 

In this section, we prove Theorem 14. II 

Let = {S" C [m] : jS'j < k} be the set of outcomes of CPP. Let A(ri) denote the simplex in repre- 
senting the set of distributions over f2. Let V denote the set of submodular valuations on [m]. We think of 
V as a subset of — specifically, each ?; e V is a vector in M J , where vs is the value of outcome S for a 
player with valuation v. We note that for each z; € V, the infinity norm ||f jjoo is equal to the value of the 
optimum solution. 

Fix e, c, A^, and 5 as in the statement of the theorem. Let A :V ^ A(r2) be the allocation rule of Al 
when there is a single player. By assumption, A \s a c-approximation for c > - specifically, '"nJ^*-"-' > c. 
The following is an approximate variant of weak monotonicity [18] . and follows from the fact that A is the 
allocation rule of a (1 — e)-approximately truthful mechanism. 

Fact A.l (Similar to [H])- For any u,v €V, 

v'^Aiv) - (1 - e)u^A{v) >{1~ e)v^Aiu) ~ u^Aiu). 

We prove Theorem 14.1 1 bv showing that there is a black-box reduction that converts A to a new allocation 
rule B that is (1 — 3e — (5)-MIDR. The reduction will be non-uniform - specifically, B will utilize an advice 
string that depends on to, but is independent of the input valuation v € V. The length of the advice string 
will not be bounded, polynomially or otherwise — this is OK, since we are only interested in preserving 
value oracle lower-bounds. B preserves the approximation ratio of A, and moreover makes only to more 
value queries than does A. 

The proof consists of two main steps. First, we show that A tends to a (1 — e)-approximately maximal- 
in-distributional-range allocation rule "in the limit" as we scale up the valuations. Then, we use this fact to 
construct, via a non-uniform black box reduction, an allocation rule B that approximates the limit behavior 
of A, in the sense that it (1 — 3e — (5)-approximately maximizes over the range of A. 

Remark A. 2. We note that the proofs of this section apply more generally than GPP with submodular 
valuations. In particular, the only properties of this problem that are used in the proofs are: (1) The 
multiple-player allocation problem is algorithmically equivalent to the single player allocation problem (2) 
The set D, of outcomes is finite, (3) The set of valuations V C is closed under scaling by a non-negative 
constant, and (4) There is a deterministic algorithm s : V — !■ M+ that runs infinite time, makes a polynomial 
number of value queries, and returns a "weak approximation" to the optimal value - i.e. we only require 
that s{v) > when ||w||oo > 0. When a welfare-maximization mechanism design problem satisfies these four 
conditions, as do all variants of GPP and other "public-project" -type problems in the literature, then the 
analogue of Theorem \4.1\ holds for that problem. 
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A.l Limit behavior of truthful in expectation mechanisms 

We will show that .4 is (1 — e)-approxiniately MIDR in the limit as we scale up the valuations. Recall that a 
mechanism B : V A(i7) is (1 — e)-approximately MIDR if v^B{v) > (1 — e) sup^gy v^B{w) for all w G V. 
The following statement is analogous. 

Proposition A. 3. hminfa^oo v'^ A{av) > (1 — e) sup^^gy A{w) for all v €V. 
Proof. Let a, /3 G M+, and let w,v ^V. By Fact lA.ll 

av'^A{av) - (1 - e)'uF A{av) > (1 - e)av^ A{w) - vFA{w). 
Dividing the expression by a, we get: 

v^A{av) - ^ — - > (1 

a 

Taking the limit infimum as a goes to infinity, 

liminf u"^yl(Q:u) > (1 

a— )-cxD 

Now, taking the supremum over w 

liminf A{av) > (1 — e) sup A{w) 

This completes the proof. □ 

A. 2 Approximating the hmit behavior of a mechanism 

Ideally, we would transform A to an allocation rule that behaves as A does in the limit - by the results of the 
previous sub-section, such a "limit allocation rule" of .4 would be (1 — e)-MIDR. However, since our reduction 
must take finite time, we must settle for approximating the limit behavior of A. Unfortunately, even that 
is non-trivial: given v, the ratio a by which we would need to scale v before coming close to the "limit" of 
A{av) is a complete mystery, and may be arbitrarily large. Therefore, we need to utilize some non-uniform 
advice to deduce that order of magnitude of the necessary scaling factor. An additional difficulty is that this 
advice must be independent oi v - specifically, the advice may depend only on the number of items m. 

For each 5' > and u G V, we define a threshold t{5' ,v). Roughly speaking, t{S',v) is the "scale" at 
which A is guaranteed to be within {1 — S') of its limit behavior when given input in the direction of v. 
Proposition guarantees that threshold t{S',v) exists for each w e V and S' > 0. 

t{S',v) = sup It: v^A ( t--^] <{l-e-5') supv'^A{w)\ + 1 (8) 

We note that the motivation for adding 1 (any arbitrary positive number would do) to the expression is 

to guarantee that v^A (^t{S' , — ^ > (1 — e — (5') sup„,gy v'^A{w), which may not be guaranteed by the 
supremum. 

Assume that, for some S' > 0, we have some upper-bound r on {t{d',v) : v G V}, and moreover we 
have a procedure s{v) to estimate a non-zero lower bound on ||w||oo for each w G V. Then, the following 
procedure is evidently a c-approximate and (1 — e — (5')-MIDR allocation rule: Given input w G V, output 
A{j^ • v). The procedure s{v) is easy to implement using only m value queries — indeed, we can take 
s{v) = maxjg[„j] v{{j}). It is not clear, however, that the upper-bound r can be computed effectively. Even 
worse, it is not clear that such an upper-bound even exists: V is infinite, and t{d\v) is not necessarily a 
continuous function of v\ 

We remedy this as follows. We will show that there exists such an upper-bound when 6' is sufficiently large 
relative to e. Specifically, we show that there exists an upper-bound t on {t{S + 2e, v) : f G V}. However, 



, 7. ., , w A(w) 

- e)v^A{w) — 

a 

- e)v'^A{w). 
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computing such an upper-bound in finite time may be impossible in general, since the scale of valuations at 
which A approaches its limit behavior may be arbitrary. Instead, we take r as advice to our non-uniform 
reduction. By the discussion in the previous paragraph, showing that the upper-bound r exists yields a 
non-uniform allocation rule that is (1 — 3e — (5)-MIDR, and makes at most m more value queries than A, 
completing the proof of Theorem 14.11 

As a tool for proving that the upper-bound r exists, we define a finite net of V. Since V is a cone in 
finite-dimensional euclidean space, its intersection with the infinity-norm unit ball admits a a-net in the 
infinity-norm for any cr > — specifically, a finite set l/l CV such that 



1. IImI 



1 for all u e W 



2. Vi; e V 3u e U 



WW. 



< cr 



Let a = cS/A and let U he a, a-net of V. Now let /3 = maxueu t{j, u), and let t — 4(3/S. It suffices to 
show that v'^A{tv) > {1 — 3e — 6) sup^,gy v'^A{w) for each w e V with ||w||oo = 1- Let u G V be such that 
Iklloo = 1, and let u be a point in the a-net U such that — u||oo < cr. By Fact IA.l1 we have 



tv'^A{tv) - (1 - e)l3u^A{Tv) > (1 - e)Tv'^A{(3u) - f3u^A{l3u) 
We now use inequality Q to lower-bound v'^A{tv): 



(9) 



v^A{tv) > (1 - e)v'^A{l3u) - -u^AiPu) 

T 

= (1 - e)v^A{l3u) - -u^A{(3u) 



> 



> 



> 



> 



> 



> 



> 



> 



1-e - -]u' AiPu) - (1 - €){u ~ vy Ai(3u) 



- -]u^ A{l3u) ~\\u-v\ 
1 - e - ^ ) u^Ai/Su) - a 
l-e-^-]u^A{f3u) 
l-2e-^S] sup u^Aiw) 



1 - 2e 15 lim inf A{av) 

4 / a— ^oo 

1 - 2e - -S] lim inf (^^^^(aw) - {v - u)'^A{av j) 

4 / a— ^oo 



1 — 2e — -S lim inf (f A{av) — \ \v — u\\oo) 

4 / a— >oo 



l-2e- -5] lim inf (u' Aiav) - a) 

4 / a^oo 



l-2e- -S ] liminf(i;-' A{av) - -v^ A{av)) 



4 / a— >oo 

> (1 - 2e - (5) lim inf A{av) 



Dividing ([9]) by r and loosening the inequality 
By definition of t 

Since = 1 

By proximity of u and v 

By c < u^AiPu) and definition of a 

By definition of /3 



Since ||yl,(aw)||i = 1 

By proximity of u and v 

By c < A{av) and definition of a 



By Proposition lA. 31 
By the previous discussion, this completes the proof of Theorem |47 



> (1 - 3e - ^) sup Aiw) 
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B Proof of hardness for combinatorial public projects 



In this section, we present the proof of Theorem 14.21 



B.l The basic setup 

We consider a ground set of \M\ = m = 400^ items for some i > \. We set the cardinahty bound to be 
k = 200^ = rajn where n = 2^ . (We note that n is just a parameter unrelated to the number of players, which 
is 1 in this case. This parameter will however denote the number of players in Section [5]) An important 
object in the following will be a random bisection sequence. 

Definition B.l. A random bisection sequence is a random sequence of pairs of sets {A^^\ B'^^^), {A^^\ B^^^^), 
generated as follows. We define A^'^ = B^^) = M. Given A^^') for < i < ^, we pick 
uniformly among all partitions of A^^^ into two parts of size ^|^'-^-'|. 

I.e., = = 2-J-^m. We refer to A^J) = A'-^-^') U B^^-'^^ as the j-th level of the bisection 

sequence. Observe that the distribution of {A'^^'^\ B'^^^^) is uniform among all pairs of disjoint sets of size 
2^~^~^m. We will use valuation functions associated with each level of a bisection sequence. We denote 
these valuation functions at level j by /^(^-i) ^u-i). In particular, this valuation function depends only on 
the elements of A^^^ = A^^-^^ U B^J-i) . 

The bisection sequence is generated at random and unknown to the mechanism. For each particular choice 
of a valuation function at a certain level, the mechanism needs to produce a probability distribution over 
feasible sets, which is purportedly the (approximately) optimal one over a certain fixed range of distributions 
TZ. The distribution will depend on the choice of a valuation function, in particular on the relevant set of 
items A'-^K A function assigning a distribution over sets to every set A*^-') is a complicated object; in order to 
be able to argue about all possible such functions, we distill the important information into a single random 
variable for each level j. 

Definition B.2. We say that a random variable Xj is constructive by a range TZ at level j , if there is a 
distribution D{A^^'^) € TZ for each set A^-'-' of size 2^~^m such that if a random set R is generated by first 
choosing A^^' uniformly among all sets of size 2^^^m and then sampling R from the distribution D{A^^^), 
then 

„ _ \RnA(^H 

^3 - 



Note that the normalization is chosen so that we have Xj e [0, 1]. There are two sources of randomness 
in defining Xj: one is the randomness in A''^\ and one arises from the probability distribution D^A'^^^). 
The first useful fact is the following (easy) lemma. 

Lemma B.3. Consider a mechanism returning distributions from a range TZ that achieves a c- approximation 
for the problem max{/(S') : jS*] < fc} for f monotone submodular. Then there is a random variable Xq 
constructive by TZ at level such that 

E[Xo] > c. 

Proof. Consider the valuation function fAw{S) ~ ^^y^o) | ^ ■ Let X^ ~ ^^'ilVofi' where is the random 
set returned by the mechanism, given valuation /^(o) for A^"-* chosen randomly among all sets of size 2~^m. 
By Definition IB. 21 Xq is a random variable constructible by the range TZ at level 0. 

Since the optimum under valuation /^(o) is 1 (achieved by A^^'^ itself), the mechanism should return 
expected value at least c. The value returned by the mechanism is exactly the random variable Xq, hence 
E[Xo] > c. □ 



We remark that Lemma IB. 31 is the only place where we use the assumption of c-approximation. In the 
following, our goal is to use the MIDR property to argue about distributions that must be in the range at 
higher levels, and prove successive bounds on the random variables Xi, X2, .... 
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B.2 The symmetry gap argument 

The main building block of our proof is a symmetry gap argument whose goal is to show the following. If the 
mechanism optimizes over a certain fixed range TZ which supports distributions of "high density" at level j, 
then TZ must support distributions of even higher density (when properly scaled) at level j + 1. However, the 
way we measure density is quite intricate. Recall the random variables Xq, Xi, . . . , Xg that encode certain 
distributions in the range at each level. It would be nice to say that for any Xj constructible at level j, there 
must be Xj+i constructible at level j + 1 such that E[Xj+i] > ii^E[Xj] (which would correspond to sets 
of larger cardinality at level j + 1 than j). But this is not true - the distributions of Xj, Xj+i also matter 
and we cannot get a guaranteed boost just in terms of expectation. Instead, we define a measure of density 
using a test function (f> that we specify later. The symmetry gap argument allows us to prove the following. 

Lemma B.4. Let <j) : [0, 1] — > [0, 1] be a non- decreasing concave function. Fix j G {0, 1, 1} and a set 

y^O'+i) of size 2^^^^^m > m/n. Let {A^^\ B'^^^) be a random partition of A'--^^^^ into two sets of equal size. 
Then there is a monotone submodular function for each partition {A'--^^ B^^^) such that 

• For any distribution of a random set i?'^-* (possibly correlated with A^^^ ) and the associated random 
variable Xj — — K we have 

nfAU\BU){R'-'^)] > n^Xj - 

• Any mechanism that uses poly{n) value queries, when applied to the random input fj^u) will return 
a random set R^^^^^ such that for the random variable Xj+i = — — | 

nfAU^,BU> {R^'+''>)] < E[l - (1 - ^(X,+,yf] + e-^^("). 
The expectations are over both (^(J),S(J)) andR^J'i or R^i+^'i respectively. 

The key point here is that the performance of a mechanism depends only on the fraction of elements 
taken from A'^^'^^\ and not on the partition [A^^\B'^^'>). While there might be a "good distribution" i?'^-'^ in 
the range which is correlated with A*--') , the mechanism cannot find such a distribution and must compensate 
for it by returning larger sets. This will be important later. 

The proof of Lemma IB. 41 relies on the notion of symmetry gap developed in [121 UHl Hi] . Since what we 
need here is a special case where the construction can be carried out explicitly quite easily, we present a 
self-contained proof here instead of referring to the general framework of [l^ . 

Proof. Consider a pair of sets {A'^^\ B^^'^). Given a non-decreasing concave function (j) : [0,1] — ^ [0,1] , we 
define the valuation function fj^u) bU) as follows: 



1^0")] ) ) \ ^\ ISO) 



The function depends only on how many elements we take from and how many from B^^\ Moreover, 
the two sets play the same role in /^(j) gu)] i.e., all elements in A^"*"^) = \J B'^^^ contribute equivalently 
to /^(i) gu). This is the kind of situation where we can apply a symmetry gap argument. 
Let us simplify the notation and write 

V'(a;,y) = l-(l-0(a;))(l-0(y)), 

where a;,y G [0, 1]; i.e. f ah) .bH) {S) — ( ^'^aO) | ^ ' ■^75^1]^) ■ elementary to verify that since (j) is non- 
decreasing concave, the first partial derivatives of ^ are non-negative and non-increasing with respect to 
both coordinates. Now we replace V' by a modified function ip which has the property that if \x — y\ is very 
small, the function value depends only on a; -|- y. This can be accomplished explicitly as follows: For some 
P>Q, let 
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• V'(a;,y) 



= i>{^{x + y), ^{x + yj) if |x - y| < /?. 
= - 5/3, y + 5^) ifx-y >/3. 
= + i/3,y- i^) if y - x > /3. 




Figure 3: Construction of ?A(a:, y) from y), assuming that '>jj{x, y) = 1 — (1 — a;)(l — y). The sohd hues 
denote the diagonal x = y and the shifted diagonals x — y = ±/3. The gray lines are the level sets of ipix, y) 
and tpix, y). 



Geometrically, this construction can be seen as taking the graph of il){x^y), pulling it away from the 
diagonal x — y on both sides, and patching the area close to the diagonal with a function which depends 
only on a; + y and is equal to the function on the diagonal. Using the properties of '0, one can check that 
again the first partial derivatives of V' are non-negative and non-increasing with respect to both coordinates. 
We define the function promised by the lemma as 



The properties of '0 imply that fj^u) gn) is a monotone submodular function (see e.g. |201 125] ). 

We observe the following (which is the case in all proofs using the symmetry gap). For a "typical query" 
S", oblivious to the random partition (A^-'^ S'^'), with high probability S will contain approximately the 
same number of elements from these two sets. (Recall that \A^^^ \ = We call a query 5* balanced if 

the parameters x = ^"^^^^i and y = ^ are in the range where |a; — y| < j3, and hence fAij),B(j^ i^) = 

■)p(x, y) — -i/;(i(a;-f y), ^{x+y)) is independent of the particular partition {A'-^\ B^^^). By Lemma ID . II ( applied 
to the ground set the probability that any fixed query S is unbalanced is exponentially small: 



Pr[|a;-y| > /3] = Pr [||5n A^^'^l - \SnB'^^^\\ > I3\A'^^^\ 



< e 



-0(/32|AO + i'|) 



Recall that jA^-'+^^l = 2^+^~^m > m/n. Therefore, if we pick (3 — nm~^/^, the probability is e~^^"^. Let 
us fix for now the random coin fiips of the mechanism. As long as all query answers are independent of the 
partition {A^^\ B^^''), the mechanism will follow the same computation path, independent of (A^-'^ i?^-'^), 
and we can use a union bound over its poly{n) queries. Hence, the probability that a mechanism ever makes 



18 



a query such that |a; — ?/| > /3 is poly{n)e~^^"^ = e~^("^. This is still true if we average over the random 
coin flips of the algorithm. Therefore, the output of the mechanism will be independent of {A^''\ B*-^-*) with 
probability 1 — e~^("). 

To summarize, the output of the mechanism, R'--^^^\ is with high probability independent of {A^-^\ B^-^^) 
and again by Lemma FD. II with high probability balanced with respect to {A'-^\ B'--^'^). Given the definition 

of the random variable Xj^i — K this means the output random set contains an Xj+i -fraction 

of the set A^^'^^\ approximately balanced between its two halves. For some |/3'| < i/3, the value of such a 
set is _ 

^iX,+, + - /?') - 4'{X,+uXj+i) = 1 - (1 - HXj+i))^. 

Thus the expected value of this solution is E[/^o) (iif-J+i))] < E[l - (1 - (j){Xj+i))'^] + e'^^") (where 
g-^{n) accounts for the small probability of finding an unbalanced solution, whose value could be up to 1). 
This proves the second statement of the lemma. 

Finally, consider any random set i?^^' and the associated random variable Xj = |^'^_^^| — i-. We have 

(R^'^)) > LuKBin {R^'^ n = 0) > {Xj - /3, 0) = (x, - p) . 

Therefore E[/^u)^bo) > E[0(Xj - /?)]. Recall that ^ = nm so this proves the first statement of 

the lemma. □ 

Considering the setup of random variables Xq, Xi, . . . , Xg constructible by TZ at different levels (Sec- 
tion [BT|), we obtain the following. 



Lemma B.5. Consider a mechanism of polynomial query- complexity that (1 — e)- approximately maximizes 
over a range of distributions TZ for the problem max{/(S') : j^l < k} for f monotone submodular, ground set 
of size m = 400^ and k = 2~^m. Let (f> : [0, 1] — ?> [0, 1] be a non- decreasing concave function. If a random 
variable Xj is constructible by TZ at level j, then there is a random variable Xj^i constructible by TZ at level 
j + 1 such that 

E[l - (1 - 0(Xj+i))2] > (1 - e)n<f>{Xj - 10-^] - 10-'. 

Proof. Given ip, let f^u) gu) be the valuation function provided by Lemma IB. 41 Consider A^^'^^'^ uniformly 
random among sets of size 2^~^^~^m, bisected randomly into A^^^f U B'-^K If Xj is constructible by the range 
TZ at level j, it means that for each A'-^^ there is a distribution D{A^^'>) in TZ such that Xj = ^''^'^ofi where 
is random and X^^^ is sampled from D{A^^^). By Lemma rB.41 conditioned on any A'-j+^^ and taking 
expectation over the random partition (A^^?'), B^^)), E[/^u).bu) (i?(j)) | A^J+i)] > E[(/)(Xj- -nm^i/^) | ^(J+i)]. 
Therefore the same holds also without the conditioning. Recall that we have nm' 

-1/2 ^ 2^400-^/2 ^ iQ-e^ 

So we get _ 

Now let us run the mechanism on the same random instance and denote the output random set by 
By Lemma El E[/^o)_bo) (i?(J+i)) | A^i+^^] < E[l - (1 - ^Xj+i))^ \ A^^+^^] + e-"("), where 

Xj^i — — — \JUT\ ■ Hence this holds also without the conditioning: 

E[/AO),BO)(i?<^+'^)] < E[l - (1 - </.(X,+i))2] +e-^(«) < E[l - (1 - </.(X,+i))2] + 10-^ 

and by definition Xj^i is constructible by TZ at level j -I- 1. 

To conclude, if the mechanism maximizes (1 — e)-approximately over TZ, then the expected value of 7?^.'+^) 
conditioned on (A^^-*, i?*^^-') must be at least (1 — e)x that provided by i?^^-*. Therefore, the same holds in 
expectation over (A(^\ which means B[fj^u) g(j){R^^+^'>)] > (1 - e)E[f^u) gu){R'^^^)] and the lemma 
follows. □ 



19 



B.3 The gap amplification argument 

In this section, we develop an inductive argument based on Lemma IB.3I and Lemma IB.5[ which proves that 
a certain notion of density of the distributions at level j increases exponentially in j. By Lemma IB. 51 for 
any Xj constructible at level j there is ^j+i constructiblc at level j + 1 such that 

E[l - (1 - > (1 - e)B[cf>{X, - 10-')] - 10-'. 

We want to prove that Xj+i is in some sense "significantly larger" than ^Xj. Our main technical lemma 
formalizing this intuition is the following. 

Lemma B.6. There are absolute constants e,5 > such that the following holds for any sufficiently large 
£ d N. If Xq, ■ ■ ■ ciT^e collections of random variables in [0, 1] such that 

• there is Xq in Xq such that E[Xo] > c for some c > 2^' , and 

• for every Xj in Xj and every non- decreasing concave function (j) : [0, 1] — > [0, 1], there is Xj^i in Xj^i 
such that 

E[l - (1 - > (1 _ e)E[0(X, - 10-^] - 10-^ 

then there is a sequence of variables Xj in Xj and parameters 1 = > ai > . . . ai > such that if we 
define (j)a{t) — min l} then 

a,(E[0„^(X,)])i+^>(i±^yci+^ 

The use of 1 + (5 in the exponent is crucial here; note that it makes the statement stronger, but this is 
what makes the inductive proof work. The intuitive meaning of this lemma is as follows: there exist random 
variables Xj constructible at different levels that, when measured by suitable test functions, decrease roughly 

as (^ ^\^ ^ , rather than ~. In terms of the cardinality of the returned sets, this means they increase by a 
factor of (1 + (5^) at each level. This gives the exponential amplification that we need. 

Proof. The base case j = holds trivially with ao = 1 and (j)a„ (t) — t. To prove the inductive step, suppose 
that there is aj E [0,1] that satisfies the statement of the lemma for Xj. Let us define £^j = E[(/iq,^ (Xj)]; 
then the inductive statement reads 

«.cr>(^)'^^+^- (10) 

Our goal is to prove that aj+i^j^^ > ^^j-^j^j^^ , which implies the inductive statement for j + 1. 
By assumption, for the non-decreasing concave function (j)^^ , we get 

E[l - (1 - (Xj+i))2] > (1 - e)E[0„^ {X, - 10-')] - 10-^. 

First, we simplify the error terms on the right-hand side. Let us keep in mind that e,S > are (small) 
absolute constants which will be suitably chosen at the end of the proof. Recall that (j>aj {t) — min{^, 1}. 

Therefore, (1 - e)E[(/.a^. (Xj - 10-^] > (1 - e)E[0„^(Xj)] ~ ^ = (1 - e)^^ - RecaU the inductive 

hypothesis (fTO|) . Since aj,£_j £ [0,1], and c > 2^^, this means in particular that aj£,j > 2-^c^^^ > 2-^'. 
Also, > 2-^c > 2-^'. Hence, we can estimate 

11/ ose 2'^'\ 

E[l - (1 - ^ (1 - ^)^^ - ^ - ^ (l - ^ - - j ^ (1 - 2^)«^ (11) 

for £ sufficiently large. 

Now we come to the meat of the inductive argument. Instead of the expression E[l — (1 — (f)aj (Xj^i))'^], 
we would like to estimate S.j+i — E[(j)o,.^-^{Xj^i)] for a suitable value of a^+i. The reason why the values 
of aj are not specified by the lemma is that their choice depends on the particular distributions of Xj over 
which we have no control. For example, aj+i = ■^Uj is a natural choice which works for some distributions 
of Xj+i but not always. In the following, we split the analysis into 2 cases. 
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Case 1: Pr[^ > VS] > 25ij. 

In this case, Xj^i is with non-negligible probabihty quite large, in the region where 1 — (1 — Xj^i/ is 
significantly smaher than 2Xj+i/aj . In this case, we can gain by making ctj+i shghtly larger than \aj, 
specifically aj+i = ^(1 + 5)aj. We obtain: 



= E[0„^.^,(X,+i)] = E min <j 1 |. = E , 

Observe the following: min{^^ti, l + (5} > m.m{^^^,l} > l-(l-0„^.(Xj+i))2 for all X^+i > 0. Moreover, 
if Xj^i > \/6aj, we gain an additional (5, because then 



2^1+1 
mm — , 1 



E 



min^^^,l + <5 



1 + (5^>1-1- min 



1 J- 



+ (5 = l-(l-0,^(X,+i))2 + <5 



(with equality for Xj+i = VSaj and ^j+i > aj; the best way to verify this is to ponder the graph 
Figure SI). Therefore, 




VSc 



2 



Figure 4: Comparison of the 3 relevant functions for Case 1: Note that for x > VSaj, the top two functions 
differ by at least 5; i.e, min{^, 1 + 5} > 1 - (1 - min{-^^, l})^ + 5. 



i 



1 + S 



:E 



,in|M2±i,i + ^ 



> Y^E[1 - (1 - + ^ Pr[X,+i > v^a, 



Using ([m and Pr[Xj+i > > 2S(,j, we get 



1 + 2^2 - 2e 



1 + .5 



Since ckj+i = -^^a,, we get 



1 + 6 fl + 2S^-2e 
~TT~5 



1+.5 



(1 + 2^2-26)1+^ 
= K7T-^^ "jC, 



2(l + (5)'5 
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We choose e = S'^, so that (1 + 2(5^ - 2ef+^ = (1 + 2(5^ - 25^Y+^ > 1 + 25"^ + 6^ (it can be verified that this 
holds for 5 € [0, ^]). We also use (1 + 5)* < 1 + 5"^ (which holds for 5 <E [0, 1]). This implies the inductive 
statement: 



1 + 26^ 



2(1 + ^2) "^^j- 



1 + 



i+s 



3 ''J 



Case 2: Pr[^ > VS] < 25^^. 

In this case, Xj^i is almost always very small compared to aj. Then we can gain by making a^+i much 
smaller than aj; we let a^+i — \fZaj. We have 

^j+i = E[0Qj_n(-'^j+i)] = E 



1 



- 7l( 



E 



-^7 + 1 



.1 



(1 - \/^) Pr 



> 



> -^(E[0„^(X,+i)]-(l-V5)-2<5e, 



An elementary bound together with (|lip gives 



E[0„^(X,+i)] > iE[l - (1 - </.„^(X,+i))2] > 1(1 - 2e)^, 



Therefore, using our choice of e = (5^, 

= E[0„^^,(X,+i)] > -L Q(l - 2e)C, - 2(1 - VS)S(, 



1-26'^ -46 + 4(5'V2 1 - 4^ + 2(^3/ 



2y^ 



0> 



From here, using a^+i — y/Saj and (1 — 45 + 2(5^/^)^+'^ > 1 — 45 (which holds for any S G [0, j]), 



a 



1 - 45 + 253/2 



We choose 5 



'1'' so that 5-^/2 = e-S"^. Then, 



9 "-J^J 



which finishes the inductive step. 



□ 



Putting together Lemma IB. 61 and the cardinality bound which applies to every feasible solution, we 
complete our hardness result for combinatorial public projects. 



Proof of Theorem Let e > and 5 > be the constants provided by Lemma IB. 61 Let n = 2 and 
m — 400^. Suppose there is a mechanism for the problem max{/(S') : |5| < m/n} that maximizes (1 — e)- 
approximately over a distributional range TZ and provides a c-approximation, where c > 1/n. By Lemma lB.51 
and Lemma lB.3l there are collections of random variables Xg, Xi, . . . , Xg constructible at the respective levels 
by TZ, satisfying the conditions of Lemma [B]6l Hence, by Lemma [6.61 for j — £, there is Xe constructible by 
TZ at level i such that 



aKE[0„,(X,)])i+^ >ci+^ 

Recall that 4>ai{i) — minj^j !}• Therefore, we have 
^1+5 



1 + 5' 



{l + 5''Y < a,(E[(/.,,(X,)])i+* < a,E[0„,(X,)] < E[X,] 



r.l + S 



-{1 + sy 
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We have = M where R is a random set sampled according to some distribution in the range TZ. All 
distributions in the range must be feasible in expectation, otherwise the mechanism cannot possibly maximize 
over them and return a feasible solution. Therefore, E[X^] < ^ which implies that 

c<{l + 6^)-Th <2-'"' ^n-'\ 

Therefore, there is no (1 — e)-approximately MIDR mechanism providing an -approximation in the 
objective function. Also, we have m = 400^ = poly(n), so the approximation cannot be better than m~'^ for 
some constant 7 > 0. The only bound we have used on the mechanism was that the number of value queries 
is polynomial in n, or equivalently polynomial in m. □ 

C Proof of hardness for combinatorial auctions 

In this section, we present the proof of Theorem 15.11 
C.l The basic random instance 

We choose a parameter £>1 and construct instances with \N\ = n — 2^ players and \M\ — m ~ 400^ items. 
We define "polar valuations" as in [5]. 

Definition C.l. Given a set of items A d M and a parameter uj > 0, the polar valuation associated 
with A is defined by 

v\{S) = \AriS\+uj\S\A\. 

Our "basic instance" is an instance where each player has a polar valuation associated with a random 
set of size m/n. 

Definition C.2. In the basic instance, player i has valuation v* = ^^^(o) where A^^''^ is a uniformly random 
set of size m/n, chosen independently for each player. 

Next, we prove that for some player, his allocation overlaps significantly with his desired set. 

Lemma C.3. For any c- approximation mechanism applied to the random basic instance, there is a player 
i and sets A^p , j 7^ i, such that conditioned on the desired sets for players j ^ i being A^p , player i gets 
allocated a random set such that 

E[|i?f'nAf)|]>(c/4-^)E[|i?|°)uAf)|]. 

Proof. First, let us estimate the optimal social welfare that the basic instance admits in expectation. Given 
{Af\ . . . , each item in Ur=i 

can be allocated to some player so that it brings value 1. We ignore 
the remaining items. Observe that a fixed item j appears in each Af^ independently with probability \/n, 
therefore Pr[j e ULi ^f^] = 1/")" > 1 - 1/e > 1/2. Hence, 



E[OPT] > E[| Q > 



m 



We remind the reader that the expectation is over the random choices of {Af\ . . . , An^). A c-approximate 
mechanism should provide at least c • OPT in expectation for every particular instance. Hence also in 
expectation over the random choice of {A^i \ . . . , A^^). If {Ri, . . . , i?„) is the allocation provided by the 
mechanism, this means 



E[|i?, n Af^ \+uj\R,\ Af^ |] > c • OPT > 
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Since each of ^4.^^^ , • • ■ , -^n^ has size m/n and the sizes of . . . , Rn add up to at most m, we can write 

n n n 

i—l i—1 i—1 

By an averaging argument, there must be i such that 



and therefore 

E[|i?,nAf'|]>(c/4-..)E[|i?,U^f)|]. 

This holds in expectation over the choices of {A^j^^ : j ^ i), and again by an averaging argument it also holds 
conditioned on some particular choice of {A^j*'^ : j ^ i). We call the random set allocated to player i imder 
this conditioning R^f ^- □ 



C.2 Setup for higher-level valuations 

In the following, the valuations of all players except i are fixed to be v* = v* for some choice of sets 

(Af^ : ] ^i). Now we will vary the valuation of player i in order to be able to apply the symmetry gap 
argument as before. Since we work only with player i, we call him the "special player" and we drop the 
index i in the following. 

Recall Definition IB. 11 the definition of a random bisection sequence. We will use the same concept here, 
where at level j we have a random set A^^'' partitioned randomly into ^'^^"^^ U B^^^^K These sets have sizes 
= = We will use valuation functions associated with each pair of sets. We denote 

these valuation functions by w^cj-i) sci-i) at level j. In particular, this valuation function depends only on 
the elements of A^J) = A(-'-i) U B'-J-'^\ In other words, A'-J^^'^ and B(-'-i) are the desired sets of items at 
level j. 



Distribution menu. For each particular choice of a valuation function Vj^u) gu) at a certain level, the 
mechanism needs to produce a distribution over item sets for the special player, along with a certain price. 
Recall that due to the definition of (approximate) truthfulness in expectation, this choice should give (ap- 
proximately) the optimal utility for the special player among all possible choices given the other valuations 
wlj. After fixing a set of valuation functions t'^(3)_B(j) for each pair {A'^^\ S'--'^), the output distribution will 
depend only on {A''^\ B'^^^) and hence we denote the respective random set by R{A''^\ B'^^^)] we also denote 
the associated price by P{A'^^\b'^^^). Thus the mechanisms assigns distributions over sets and prices to all 
pairs of sets. As before, we distill the important information from the distribution into a random variable 
Xj. There is some additional information now expressed by the price; we associate the price with a separate 
random variable Pj . The possible choices of distributions for {Xj , Pj ) are what we call a distribution menu 
at level j. 

Definition C.4. Given a mechanism and a special player with other valuations fixed, the "distribution menu 
at level j Mj, is the set of all probability distributions of a pair of variables {Xj, Pj) that arise as follows: 
There exist valuations Vj^u-i) B(j-i) such that when declaring Vj^u-'^') bu-^-), the special player receives a 
random set R{A^i-^\ B^i'^^) at a price P{A^^-^\ B'-^''^'^). Then, for A'-^^ = A^^'^^ U B^^~^^ chosen as the 
{j — l)-th level of a random bisection sequence, i.e. a random pair of disjoint sets of size 2^~^~^m, we have 

_ ni?(A(J'i),g(J-i))| 
■'■ " \aUT\ ' 

Pj = P(A(^'-1\B(^'-1)). 
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In other words, Xj encodes the (random) fraction of the relevant items that the special player receives at 
level J, and Pj is the respective (random) price. Note that there are two sources of randomness in {Xj,Pj): 
one is the random choice of (A^-'^^^ B^^~^^), and one arises from the randomness of the mechanism for fixed 
(AO--i),BO-i)). 

Closure of a distribution menu. Furthermore, it will be convenient to make the menu closed and convex 
as follows. 

Definition C.5. We define Aij, the closure of the distribution menu at level j, to be the topological closure 
of the set of all convex combinations of distributions from the menu Mj . 

I.e., we take the convex hull of the menu and then its topological closure. We emphasize that the convex 
hull is generated by averaging distributions, and not the values of (Xj,Pj). In other words, a distribution 
of {XpPj) is in J\Aj if its distribution can be approximated arbitrarily closely by some convex combination 
of distributions in A4j. It is important that we keep all the randomness present in {Xj, Pj) and do not take 
expectations until the end. 

C.3 Symmetry gap revisited 



Recall Lemma IB .41 which was proved using the symmetry gap argument and played an important role in our 
proof for the CPP problem. We still want to use this lemma; however, the difference now is the presence of 
prices. In order to deal with prices, we need to introduce a parameter A which acts as a conversion factor 
between values and prices. For that purpose, we prove the following slight variation of Lemma [6.41 

Lemma C.6. Let (j) : [0, 1] — )• [0, 1] he a non- decreasing concave function and A > any constant. Let 

be a fixed set of size 2^^^^^m > m/n and {A^^\ B'^^'^) a random partition of A'^^^^') into two sets of equal 

size. Then there is a monotone suhmodular function ^u) for each partition {A^^\B^^^) such that 

• For any distribution of a random set R^^'^ (possibly correlated with A^^'*) and the associated random 
variable Xj — — we have 

• Any mechanism that uses poly{n) value queries, when applied to the random input Vj^ij) will return 
a random set R^^'^^^ such that for the random variable Xjj^i = — — ^j^^,,,"^) | i-, 

n^AifKBi^AR'^'^'^)] < AE[1 - (1 - 0(X,+i))2 +e-"(")]. 
The expectations are over both (^(J),B(J)) andR'-J^ or R^i+^'i respectively. 

Proof. The proof is easily obtained from the proof of Lemma IB. 41 The only difference is the scaling by 
A > 0. (For A = the statement is trivial.) Given (f) : [0, 1] — >■ [0, 1] and A > 0, we take the function f^u) bW) 
provided by Lemma IB .41 and scale it by A: 

Randomizing over {A'-J\b'-J^), the same proof shows that any mechanism will return a random set R^^^^^ with 
high probability balanced with respect to {A^^\ B'-^'>) . Hence we obtain the same bounds as in Lemma [B. 41 
with the right-hand side scaled by A. □ 

Applying the assumption of approximate truthfulness, we obtain the following. 



25 



Lemma C.7. Consider a (l — e)- approximately truthful- in- expectation mechanism J or combinatorial auctions 
with n = 2^ players and m — 400^ items. Let <j> : [0, 1] — >■ [0, 1] be a non- decreasing concave function. If 
{Xj, Pj) has a distribution in the closure of the level- j menu Aij, then for any A', A" > there is (Xj^i, Pj+i) 
with a distribution in the closure of the level-{j + 1) menu Mj+i such that 

A'E[1 - (1 - - A"E[Pj+i] > A'E[(1 - e)4>{Xj - 10"^) - 10"^] - A"E[Pj]. 

Proof. First let us assume that A" > and set A = A'/A". If {Xj,Pj) is on the menu Aij, it means that 
the mechanism under certain valuations depending on the (random) set A*^-') allocates to the special player a 

random set i?'^' (at some price Pj) such that Xj = ^'i^ofj' ' ^ ■ Given <j), by Lemma \C6\ there are valuation 
functions vj^u) such that 

and on the other hand, the mechanism executed on this random input allocates a random set i?'^^^' such 
that with Xj+i = 1^0+1) I 

n^AU^BU^iR^'^'^)] < AE[1 - (1 - (^(X,+i))2 +e-^^(")]. 

Let us assume that the mechanism allocates this distribution at a price Pj+i- Due to the assumption of 
(1 — e)-truthfulness, the utility provided by the mechanism must be approximately maximized for the true 
valuation. Hence, we must have 

AE[1 - (1 - (/.(X,+i))2 + e-^^(")] - E[P,+i] > (1 - e)AE[0(X, - nm-^^^)] - E[P,]. (12) 

Given our parameters m — 400^, n — 2^, we have nm^^^^ = 10^^ and e^^'"^ — e^^'^*' << 10"^, therefore 

AE[1 - (1 - HX,+,) f] - E[P,-+i] > AE[(1 - e)0(X, - 10"^ - 10'^] - E[P,-]. 

Since this inequality is preserved under convex combinations and limits of the distributions of (Xj , Pj ) and 
{Xj+i, Pj+i) (the non-linearity of (p is irrelevant here!), the same holds for the closures Aij,Mj^i: For any 
{Xj,Pj) with a distribution in Aij and A > 0, there exists (Xj+i, Pj-|_i) with a distribution in A4j+i such 
that holds. This proves the statement of the lemma when A" > 0. 



When A" = 0, the statement claims that given {Xj,Pj) € Aij, there is (Xj^i, Pj+i) e Aij+i, such that 
E[l - (1 - 0(Xj+i))2] > E[(l - e)0(Xj - 10"^) - 10"^], without regard to prices. This can be obtained 
from the previous discussion as follows. Let us assume that p* is an absolute lower bound on the expected 
price E[Pj+i]. (If the mechanism possibly pays arbitrarily large amounts on the menu of the special player, 
then given a zero valuation it cannot maximize utility over the menu.) Given (Xj,Pj) in A4j, let A = 
10^+^(E[P,] — p*); there must be a pair (Xj+i,Pj+i) in A4j+i satisfying (fT2|) . Using the (still very crude) 
estimate e""'") << lO'^-^ ^ implies 

l/2^ _ -n(n)^ _ HPj] -P* 



E[l - (1 - (/)(Xj+i))^] > E[(l - e)(/)(Xj - nm -'-) - e 

> E[(l - e)0(Xj - 10"*^) - lO"'^"^] - 10 

> E[(l - e)<j){Xj - 10^0 - 10 



A 



□ 



C.4 The convex separation argument 

Next, we use a geometric argument, essentially Farkas' lemma in 2 dimensions, which shows that the bounds 
for varying multipliers A', A" > allow us to obtain separate bounds on value and price. 
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Lemma C.8. Consider a (l — e)- approximately truthful-in- expectation mechanism for combinatorial auctions 
with n = 2^ players and m — 400^ items. Let (j) '■ [0, 1] — > [0, 1] be a non- decreasing concave function. 
If {Xj,Pj) has a distribution in the closure of the level- j menu A4j, then there is (Xj+i, Pj+i) with a 
distribution in the closure of the level-{j + 1) menu Mj+i such that 

and 

E[l - (1 - > E[(l - - 10-^ - 10-^]. 




Figure 5: The convex separation argument. 



Proof Denote = E[(l - e)0(Xj - 10^0 ^ 10"^] and q^+i = E[l - (1 - (f){Xj+i))^]. Set also pj = E[Pj] and 
Pj+i = E[Pj+i]. By Lemma [CJl for any {Xj,Pj) e Mj and any A', A" > 0, there is {X^+i, Pj+i) £ M^+i 
such that X'qj^i — A"pj-|_i > X'qj — X"pj. Using these transformations, let us map the set A4j to 

Q,={iq,,p,):{X„P,)eM]}. 

and map Mj+i to 

Qj+i = {(ij+uPj+i) ■■ {Xj+i,Pj+i) e Mj+i}. 

Both Qj and Qj+i are closed convex sets, because they are the images of the closed convex sets A4j,A4j+i 
under a linear map (the map being the expectation of a certain function over a distribution; this is linear as 
a function of the distribution even though the function is non-linear). 

By this transformation, we have reduced the proof to a geometric question in the plane (see Figure [5]) : 
Given {qj,pj), assume that for any A', A" > 0, there is {qj+i,pj+i) £ Qj+i such that \'qj+i — \"pj+i > 
X'qj — X"pj. Is it possible that there is no point G Qj+i such that g^+i > qj and pj+i < Pj? 
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Suppose that there is no such point in Qj+i- This means that Qj+i and {{q,p) '■ q > qj,p < Pj} are 
disjoint. Since these are closed convex sets, they can be separated by a hne. This Une cannot have a negative 
slope, otherwise it would intersect the quadrant {(q,p) : q > qj,P < Pj}- Such a separating line gives 
A', A" > such that \'qj+i — ^"Pj+i < ^'qj — ^"Pj for (qj+iiPj+i) ^ Qj+i- However, this contradicts 
the assumption above. Hence there is a point ((7j_|_i,pj+i) G Qj+i such that qj+i > qj and Pj+i < Pj. □ 

C.5 Putting it all together 

In this section, we finish the proof of our main hardness result for combinatorial auctions. 

Proof of Theorem \5.1[ Let e > and S > he the constants provided by Lemma IB. 61 Let the number of 
players be n = 2^ and the number of items m = 400^. Suppose there is a (1 — e)-approximately truthful-in- 
expectation mechanism that provides a c-approximation in social welfare, where c = — 2~^^ for some 
constant 7 > 0. 

Consider the basic instance (Section IC.ll) . Choose a special player and fix the remaining valuations, 
based on Lemma IC.31 Let R'^'^^ be the random set allocated to the special player, Pq the respective price, 

his desired set, Xq — — K cq — E[Xo] and po = E[Po]- Lemma [C?3l implies cq > c/4 — w. We set 

cj = c/8. Then cq > c/8 = l/(8nT) = 2-'<^-^. 

Now consider the distribution menus at different levels and their closures M.j (Section IC.2I) . Let us 
define Xj to be the collection of random variables Xj such that {Xj, Pj) is in Mj for some price Pj such that 
E[Pj] < Po- As discussed above, we have Xq in Xq such that E[Xo] = cq > 2^^^~^ > for £ sufficiently 
large. Also, Lemma rC.8l savs that for any Xj in Xj and any non-decreasing concave : [0, 1] — )• [0, 1], we 
have Xj^i in Afj+i such that 

E[l - (1 - > E[(l - e)^(X, - 10-0 - 10-']. 

In other words, the collections Xq, Xi, . . . , Xi satisfy the assumptions of Lemma FB. 61 Hence, by Lemma FB. 61 
for j = £, there is Xg in X^ and ag £ [0, 1] such that 

Recall that (j>af (t) — min {^, 1}. Therefore, we have 

E[X,] > «,E[0,,(X,)] > a,(E[0„,(X,)])i+* > (^^) > 2^'^-^^+^ 

Since Xg is in Xi, the respective price is bounded by E[P£] < pq. Now consider an expression related to the 
utility the special player would derive in the basic instance: 

E[(l - e)u}mXi, - Pe] > (1 - e)u}m2^''^-'^cl+^ ~ po- 

The distribution of {Xe,Pi) might not be on the actual menu A4e of the special player; however, since it is 
in the closure of its convex hull, there exists a pair {Xt, Pi) with a distribution in Mi such that 

E[(l - e)ujmXi - Pi\ > (1 - 2e)u}m2^^^-^ c\^^ - po. 

(If not, we get a contradiction since if the reverse inequality holds for Aii, it holds also for the closure Mi.) 
The random variable Xi represents a random set R^^\ possibly allocated to the special player at price Pi: 
X, - - i|pW| 

Now let us go back to the basic instance. Considering that the valuation of the special player in the basic 
instance satisfies v*{S) > uj\S\, we obtain 

E[(l - e)<(p(^)) - Pi] > E[(l - e)u;mXi - Pe] > (1 - 2e)ujm2^'^-'^cl+^ - po. 
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Using Co > c/8 = cj = 2 ^, we get 

E[(l - e)v*{RW) - P,] > (1 - 2e) Q'^' 2'''-'mco - po = (1 - 2e)2''''^'+'^^'''+'^-'mco ~ po- (13) 

On the other hand, the set i?'"^ actually allocated under declared valuation v* gives 

E[<(i?(°))] -E[|i?(o)n^(")|]+c^E[|i?W\A(")|] < -E[Xo]+wE[|i?(o)|] < — E[Xo] 

using again Lemma[C3]to say that f E[Xo] = E[|i?(") n A^o' |] > (c/4 - w)E[|i?(o) |] = wE[|i?(o)|]. Therefore, 
since E[Xo] — cq and E[Po] = Po, 

9m 

E[<(i?(")) - Po] < —mo] - E[Po] = 2i-Vco - Po. (14) 
n 

bmce is a random set the special player could receive at price Pi if he had declared a suitable valuation, 
(1 — e)-approximate truthfulness implies that 

E[<(P(°)) - Po] > E[(l - e)<(i?W) - P,]. 
Considering (|13p and (|T4l) . this implies 

2i-^ > (1 _ 2e)2'^''^"(^+'')(''^+^^"^. 
We conclude that 7 > , otherwise we get a contradiction for a large enough £. □ 

D Chernoff bound for bisections 

Lemma D.l. Suppose S is a fixed subset of [m'], and {A, B) a random partition of [m'], chosen uniformly 
among all partitions where \A\ = \B\ = m' /2. Then 



Pr [US' n ^1 - IS" n P|| > /3m']] < 4e" 



-f3^m'/2 



Proof. We use the fact that A has distribution very close to a uniformly random subset of [m'] (where 
elements appear independently with probability 1/2). More precisely, we couple the two distributions as 
follows. Let A be a random set of size m'/2, B its complement, and let X be a binomial random variable 
Biim' , 1/2). Let P be a random set chosen as follows: if X < m'/2, take a random subset of A of size X. 
If X > m'/2, take the union of A and X — m' /2 random elements from B. This defines a set R which is 
uniformly random. Hence, by the Chernoff bound (see e.g. [TJ Theorem A. 1.16]), 

Pr[|PAA| >am'] = Pr[Pi(m', 1/2) ^ [m72 - am', m72 + mn']] < 26"^"'™'. 

Similarly, SAR has the distribution of a uniformly random set (because S is fixed) , and hence 

Pr[|S'AP| ^ [m'/2 - am', m'/2 + am']] < 2e-2"'™'. 

Using the triangle inequality \SAA\ < \SAR\ + \RAA\, we get 

PrilSAA] i [m'/2-2am',m'/2 + 2am']] < 46"^"'"'. 

The lemma follows by taking a = ^/2, since |5 n A| - jS* n P| = \A\ - \SAA\ ^ - l^A^]. □ 
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E Product composition of submodular functions 

Lemma E.l. Let /i, /2 : 2^ [0, 1] be monotone submodular. Then 

f{S) = l-{l-h{S)){l-hiS)) 

is also monotone submodular. 

Proof. Let gi{S) = 1 — ,fi{S), g2{S) = 1 — f2{S); these are non-negative non-increasing supermodular 
functions. Clearly, g{S) = gi{S)g2{S) is also non-increasing. Our goal is to prove that g{S) = gi{S)g2{S) is 
supermodular, which implies the claim. By the properties of gi,g2, we get for any i,j^S 

gi{S){g2iS) - g2{S + i)) > gi{S){g2{S + j) - g2{S + i + j)) > gi{S + j){g2iS + j) - g2{S + i + j)) 

and 

(31 {S) -gi{S + i))g2 {S + i)> (ffi {S + j)-gi{S + i + j))g2 {S + i)> (^i {S + j) - gi{S + i + j))g2{S + i + j). 
Adding up these two inequalities, we get the condition of supermodularity for g{S) = gi{S)g2{S): 
gi{S)g2{S) -gi{S + i)g2{S + i)>gi{S + MS + j)-gi{S + i + MS + i + 

□ 
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